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Abstract
This paper is devoted to some behaviors of solutions of the initial-boundary problem for a singular diffu-
sion equation, namely, localization and large time behavior. After given some special explicit solutions it is
proved that solutions of the problem possess the localization property. Next, L2 decay estimate as t → ∞
is proved by a rather standard energy method. Finally, by comparison with a special solution the expected
L∞ decay estimate is derived.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we consider a singular diffusion equation with nondivergence form
ut = udiv
(|∇u|p−2∇u)− γ |∇u|p in Ω∞ = Ω × (0,∞), (1.1)
with the Dirichlet boundary value condition
u(x, t) = 0 on ∂Ω × (0,∞) (1.2)
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u(x,0) = u0(x) in Ω, (1.3)
where Ω ⊂ RN is a bounded domain with appropriately smooth boundary ∂Ω,p > 1, γ  0 and
u0 is a nonnegative function.
(1.1) arises in some models describing physical phenomenon. For example, (1.1) with p = 2
can be derived as a model of groundwater flow in a water-absorbing, fissurized porous rock bed
(see [1,2]). Note that (1.1) is closely related to the filtration equation (see [3–5])
vt = div
{∣∣∇vm∣∣p−2∇vm} (m = 0). (1.4)
Indeed, if m(p − 1) − 1 = 0 and let
γ = (p − 1)/[1 − m(p − 1)], u = m|γ |(p−2)/(p−1)v−1/γ ,
then (1.1) can be transformed formally into (1.4) (see [6]).
Since (1.1) may be degenerate or singular at points where u = 0 or |∇u| = 0, the problem
does not admit classical solutions in general. Therefore we need to consider weak solutions.
Moreover, only nonnegative solutions are considered. Generally speaking, weak solutions of
problem (1.1)–(1.3) are not uniquely determined by the initial value. Indeed, many weak solu-
tions were constructed in [7–9] for the case p = 2 and [10,11] for the case p = 2 where the
general existence results were also obtained. In addition, the weak solutions for (1.1) may not be
continuous (see [12]). Some other results can be referred to [13–16] and references therein. In
the present paper, we are interested in some behaviors of solutions, namely, localization property
and large time behavior. We point out that in the case p = 2 and γ = 0, the localization property
of solutions was discovered independently by Dal Passo and Luckhaus [7] and by Ughi [8]. By
means of a similar idea used in [7], we extend and generalize the result to the case p = 2 and
γ > 0. Another interest of this paper is to study large time behavior of solutions for (1.1). More
specifically, L2 decay estimate as t → ∞ is proved by a rather standard energy method, and the
expected L∞ decay estimate as t → ∞ is derived by comparison with a special solution.
For T > 0, denote ΩT = Ω × (0, T ).
Definition 1.1. A nonnegative function u is called a weak sup-solution (sub-solution) for (1.1)
on Ω∞, if for any T > 0, the following two conditions are satisfied:
(a) u ∈ L∞(ΩT ) ∩ Lp(0, T ;W 1,p(Ω)) with ut ∈ L2(ΩT );
(b) for any ϕ ∈ L∞(ΩT ) ∩ Lp(0, T ;W 1,p0 (Ω)) with ϕ  0, there holds∫ ∫
ΩT
(
utϕ + u|∇u|p−2∇u∇ϕ + (1 + γ )|∇u|pϕ
)
dx dt  0 ( 0).
A nonnegative function u is called a weak solution for (1.1) on Ω∞, if u is both a weak sup-
solution and a weak sub-solution for (1.1) on Ω∞.
Definition 1.2. A nonnegative function u is called a weak solution of problem (1.1)–(1.3), if u is
a weak solution for (1.1) on Ω∞, and satisfies the following two conditions:
(a) for any t > 0, u(t) ∈ W 1,p0 (Ω);
(b) u(t) → u0 in L1(Ω) as t → 0.
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tions, and then the localization property is proved. In Section 3 some decay estimates as t → ∞
are obtained.
2. Localization of solutions
First, we give some special explicit solutions for (1.1) on Ω∞.
Proposition 2.1. The following functions are weak solutions for (1.1) on Ω∞:
F0(x, t) = [A − κψ0(x)]+
(t + t0)1/(p−1) (γ = 0),
F1(x, t) = [A(t + t0)
−α − κψ0(x)]+
(t + t0)1/(p−1) (γ < γc),
F2(x, t) =
(
Ae−Nt − ψ0(x)
)
+ (γ = γc),
F3(x, t) =
{ [A(t0−t)α−κψ0(x)]+
(t0−t)1/(p−1) , t ∈ (0, t0),
0, t  t0,
(γ > γc),
where t0,A > 0, x0 ∈ RN and
γc = p − 1
p
N, α = γ
(p − 1)|γc − γ | , κ =
∣∣∣∣ 1p(γc − γ )
∣∣∣∣
1/(p−1)
,
ψ0(x) = p − 1
p
|x − x0|p/(p−1).
Moreover, for any t1  0 we have
suppF0(t1) = suppF0(0),
suppFi(t2) ⊆ suppFi(t1) ⊆ suppFi(0) if t2 > t1 (i = 1,2,3),
i.e., Fi (i = 0,1,2,3) possess the localization property.
Proof. By simple calculation we have
∇ψ(x0) = 0, ∇ψ(x) = (x − x0)|x − x0|(2−p)/(p−1), x = x0,
which imply that∣∣∇ψ(x)∣∣p−2∇ψ(x) = x − x0, x ∈ RN,
and hence
div
{|∇ψ |p−2∇ψ}= N in RN.
By means of the fact, it is not difficult to check that Fi (i = 0,1,2,3) are weak solutions for (1.1)
on Ω∞.
The other conclusions of Proposition 2.1 are obvious, and thus the proposition is proved. 
In order to show a general result on localization of weak solutions, we need to define the
support of a nonnegative function w :Ω → R+ ∪ {0} that is not necessarily continuous:
suppw =
{
x ∈ G; lim+
μ(G ∩ Bρ(x))
μ(B (x))
> 0
}
,ρ→0 ρ
614 W. Zhou, Z. Yao / J. Math. Anal. Appl. 327 (2007) 611–619where G = {x ∈ Ω; w(x) > 0}, Bρ(x) = {y ∈ Ω; |x − y| < ρ}, and μ(E) is the Lebesgue
measure of set E in RN . It is easy to see that if w ∈ C(Ω), then suppw = G¯.
Theorem 2.2. (1) Assume γ  0 and 0 u0 ∈ L1(Ω). If u is a weak solution of problem (1.1)–
(1.3), and u(t1) ≡ 0 and suppu(t1) ⊆ but = Ω¯ for some t1 > 0, then
suppu(t) ⊆ suppu(t1) a.e. in (t1,∞).
(2) Besides the assumptions of (1), let u0 ≡ 0 and suppu0 ⊆ but = Ω¯ . If u is a weak solution
of problem (1.1)–(1.3), then
suppu(t) ⊆ suppu0 a.e. in (0,∞).
Proof. For any t > t1 and any ϕ ∈ L∞(Ω1,t ) ∩ Lp(t1, t;W 1,p0 (Ω)) with ϕ  0, we have∫ ∫
Ω1,t
(
uτϕ + u|∇u|p−2∇u∇ϕ + (1 + γ )|∇u|pϕ
)
dx dτ = 0, (2.1)
where Ω1,t = Ω × (t1, t).
For σ ∈ (0,1), let ψ = ψσ = inf{ d(x)σ ,1}, where d(x) = dist(x, suppu(t1) ∪ ∂Ω). Since the
distance function d(x) is Lipschitz with constant 1, Rademacher’s theorem implies that it is
differentiable almost everywhere (see [17, pp. 49–51]). Hence, for any  > 0, ϕ = ψ
u+ can be
chosen as a test function. Substituting it into (2.1), we derive∫ ∫
Ω1,t
(
uτ
u +  ψ + u|∇u|
p−2∇u∇ ψ
u +  + (1 + γ )|∇u|
p ψ
u + 
)
dx dτ = 0
and hence∫ ∫
Ω1,t
uτ
u +  ψ dx dτ +
∫ ∫
Ω1,t
u
u +  |∇u|
p−2∇u∇ψ dx dτ
+ 
∫ ∫
Ω1,t
|∇u|p
(u + )2 ψ dx dτ + γ
∫ ∫
Ω1,t
|∇u|p ψ
u +  dx dτ = 0.
Since γ  0, we obtain∫
Ω
[
ln
(
u(t) + )− ln(u(t1) + )]ψ dx −
∫ ∫
Ω1,t
u
u +  |∇u|
p−2∇u∇ψ dx dτ  C,
where C is a positive constant independent of . Therefore, by noticing u(t1) · ψ = 0, we have∫
Ω
χ{suppψ}
[
ln
(
u(t) + )− ln ]ψ dx C,
where C is a positive constant independent of . Then, for any δ > 0 and for a.e. t > t1 we obtain∫
χ({x∈Ω|u(t)>δ}∩{x∈Ω;ψ=1})
[
ln
(
u(t) + )− ln ]dx  C. (2.2)Ω
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follows from (2.2) that
μ
({
x ∈ {x ∈ Ω; ψ = 1} | u(t2) > δ
})[
ln(δ + ) − ln ] C,
then letting  → 0 to yield a contradiction. Hence
μ
({
x ∈ {x ∈ Ω; ψ = 1} | u(t) > δ})= 0 a.e. in (t1,∞).
This implies that
μ
({
x ∈ {x ∈ Ω; ψ = 1} | u(t) > 0})= 0 a.e. in (t1,∞).
The conclusion (1) follows from this and the arbitrariness of σ ∈ (0,1).
By a similar proof as in that of (1), the conclusion (2) can be proved. The proof of Theorem 2.2
is complete. 
3. Large time behavior of solutions
Our first main result, namely, L2 decay estimate as t → ∞, is the following:
Theorem 3.1. Let γ  0 and 0  u0 and 0 < A ≡
∫
Ω
u20 dx < ∞. If u is a weak solution of
problem (1.1)–(1.3), then there exists a positive constant C depending only on p and Ω such
that ∫
Ω
u2(t) dx 
[
1
Ct + A(1−p)/2
]2/(p−1)
, t > 0.
Proof. Taking ϕ = u in the integral equality satisfied by u, we derive
t∫
0
∫
Ω
(
uτu + (2 + γ )u|∇u|p
)
dx dτ = 0
and hence
∫
Ω
u2(t) dx −
∫
Ω
u20 dx = −(4 + 2γ )
t∫
0
∫
Ω
u|∇u|p dx dτ. (3.1)
Let
Φ(t) =
∫
Ω
u2(t) dx.
Then it follows from (3.1) and γ  0 that
Φ ′(t) = −(4 + 2γ )
∫
Ω
u(t)
∣∣∇u(t)∣∣p dx −4∫
Ω
u(t)
∣∣∇u(t)∣∣p dx
−4
(
p
p + 1
)p ∫ ∣∣∇u(t)(p+1)/p∣∣p dx. (3.2)Ω
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Ω such that∫
Ω
u(t)p+1 dx  C
∫
Ω
∣∣∇u(t)(p+1)/p∣∣p dx,
which and (3.2) imply that
Φ ′(t)−C
∫
Ω
u(t)p+1 dx.
On the other hand, it follows from Hölder’s inequality that
Φ(t) =
∫
Ω
u2(t) dx  C
( ∫
Ω
u(t)p+1 dx
)2/(p+1)
,
where C is a positive constant depending only p and Ω , and hence
Φ ′(t)−CΦ(t)(1+p)/2,
which gives
Φ(t)
[
1
Ct + A(1−p)/2
]2/(p−1)
.
This ends the proof of Theorem 3.1. 
Furthermore, we obtain the following L∞ decay estimate.
Theorem 3.2. Let γ  0 and 0  u0 ∈ L∞(Ω). If u is a weak solution of problem (1.1)–(1.3),
then there exists a positive constants L depending only on p,N and Ω , such that
u(t) L
(t + 1)1/(p−1) a.e. in Ω.
To prove Theorem 3.2, we need to establish the following comparison theorem.
Theorem 3.3. Let γ  0. Assume that u2 and u1 are weak sup-solution and sub-solution for (1.1)
on Ω∞, respectively, and u2  c a.e. in ΩT for some c > 0 and T > 0. If u2(x,0) u1(x,0) a.e.
in Ω , and u2(x, t) u1(x, t) a.e. on ∂Ω × (0, T ), then u2  u1 a.e. in ΩT .
Proof. First, for any ϕ ∈ L∞(Ωt ) ∩ Lp(0, t;W 1,p0 (Ω)) with ϕ  0 we have∫ ∫
Ωt
(
∂u2
∂τ
ϕ + u2|∇u2|p−2∇u2∇ϕ + (1 + γ )|∇u2|pϕ
)
dx dτ  0,
∫ ∫
Ωt
(
∂u1
∂τ
ϕ + u1|∇u1|p−2∇u1∇ϕ + (1 + γ )|∇u1|pϕ
)
dx dτ  0. (3.3)
Let g(s) and sgnδ(z) be defined by
g(s) = s1−γ /(p−1)[1 − γ /(p − 1)]−1
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sgnδ(z) =
{1, z > δ,
z
δ
, |z| δ,
−1, z < −δ.
Since u1, u2 ∈ L∞(ΩT ) ∩ Lp(0, T ;W 1,p(Ω)), g(s) is increasing and u2  u1 a.e. on ∂Ω ×
(0, T ), we have (g(u1) − g(u2))+ ∈ L∞(ΩT ) ∩ Lp(0, T ;W 1,p0 (Ω)) and hence sgnδ((g(u1) −
g(u2))+) ∈ L∞(ΩT ) ∩ Lp(0, T ;W 1,p0 (Ω)). This and u2  c > 0 a.e. in ΩT imply ϕu2 =
u
−1−γ
2 sgnδ((g(u1) − g(u2))+) ∈ L∞(ΩT ) ∩ Lp(0, T ;W 1,p0 (Ω)). Define ϕu1 = u−1−γ1 ×
sgnδ((g(u1) − g(u2))+) whenever u1 > c,ϕu1 = 0 whenever u1  c. Then also we have
ϕu1 ∈ L∞(ΩT ) ∩ Lp(0, T ;W 1,p0 (Ω)). So ϕu2 and ϕu1 can be chosen in (3.3) as test functions.
Therefore∫ ∫
Ωt
[
∂u2
∂τ
u
−1−γ
2 sgnδ
((
g(u1) − g(u2)
)
+
)
+ u−γ2 |∇u2|p−2∇u2∇
(
g(u1) − g(u2)
)
+ sgn
′
δ
((
g(u1) − g(u2)
)
+
)]
dx dτ  0,∫ ∫
Ωt
[
∂u1
∂τ
u
−1−γ
1 sgnδ
((
g(u1) − g(u2)
)
+
)
+ u−γ1 |∇u1|p−2∇u1∇
(
g(u1) − g(u2)
)
+ sgn
′
δ
((
g(u1) − g(u2)
)
+
)]
dx dτ  0
and hence∫ ∫
Ωt
(
f (u1) − f (u2)
)
τ
sgnδ
((
g(u1) − g(u2)
)
+
)
dx dτ
+
∫ ∫
Ωt
(∣∣∇g(u1)∣∣p−2∇g(u1) − ∣∣∇g(u2)∣∣p−2∇g(u2))
× ∇(g(u1) − g(u2))+ sgn′δ((g(u1) − g(u2))+)dx dτ  0, (3.4)
where f : (0,∞) → R is defined by
f (s) =
{ ln s (γ = 0),
− s−γ
γ
(γ > 0).
By means of the following fact:∫ ∫
Ωt
(∣∣∇g(u1)∣∣p−2∇g(u1) − ∣∣∇g(u2)∣∣p−2∇g(u2))
× ∇(g(u1) − g(u2))+ sgn′δ((g(u1) − g(u2))+)dx dτ  0,
we obtain from (3.4)∫ ∫ (
f (u1) − f (u2)
)
τ
sgnδ
((
g(u1) − g(u2)
)
+
)
dx dτ  0.Ωt
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Ωt
(
f (u1) − f (u2)
)
τ
sgn
((
g(u1) − g(u2)
)
+
)
dx dτ  0.
Using sgn((g(u1) − g(u2))+) = sgn((f (u1) − f (u2))+) we derive∫ ∫
Ωt
(
f (u1) − f (u2)
)
τ
sgn
((
f (u1) − f (u2)
)
+
)
dx dτ  0.
It follows from u1(x,0) u2(x,0) a.e. in Ω that∫
Ω
(
f (u1) − f (u2)
)
+(x, t) dx  0,
which implies that (f (u1) − f (u2))+(x, t) = 0 a.e. in ΩT , i.e., u1  u2 a.e. in ΩT . This com-
pletes the proof of Theorem 3.3. 
Proof of Theorem 3.2. From Proposition 2.1, we see that F0 is a weak solution for (1.1) with
γ = 0 on Ω∞, and thus it is a weak sup-solution for (1.1).
For fixed x0 ∈ RN and t0 = 1, choosing a sufficiently large A > 0 such that
A − κψ0(x) |u0|∞ + 1 on Ω¯,
we have
F0(x,0) u0(x) a.e. in Ω
and
F0(x, t) C > 0 in ΩT for any T > 0.
From Theorem 3.3 we obtain
F0(x, t) u(x, t) a.e. in ΩT for any T > 0.
This ends the proof of Theorem 3.2. 
Remark 3.4. It is easy to see from Proposition 2.1 that if γ = γc, the exponent 1/(p − 1) in
Theorem 3.2 and the exponent 2/(p − 1) in Theorem 3.1 are optimal.
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